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Abstract. In this paper, we define a complete lift for semisprays. If 5 is a 
semispray on a manifold M, its complete lift is a new semispray S'^ on TM. 
The motivation for this lift is two-fold: First, geodesies for S'^ correspond to 
the Jacobi fields for S, and second, this complete lift generalizes and unifies 
previously known complete lifts for Riemannian metrics, affine connections, 
and regular Lagrangians. When 5 is a spray, we prove that the projective 
geometry of uniquely determines S. We also study how symmetries and 
constants of motions for S lift into symmetries and constants of motions for 
S". 
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1. Introduction 

Vertical and complete lifts for geometric objects from the base manifold to its 
tangent bundle have been studied in various contexts by many researchers. These 
lifts have been used to study various aspects of differential geometry and its ap- 
plications: Jacobi fields in [38], stochastic Jacobi fields in [4|, harmonicity in [3T] . 
symplectic geometry in |34j, symmetries and constants of motion in [T^. These lifts 
were introduced by Yano and Kobayashi in [S^ , and for a detailed presentation we 
refer to the book of Yano and Ishihara |38j . 

It is known that for a Riemannian metric on a manifold M its complete lift is 
a semi-Riemannian metric on TM, whose geodesies are Jacobi fields on M, [38] . 
This result has been extended by Casciaro and Francaviglia in [13], Niinez-Yepez 
and Salas-Brito in |30j and Delgado et al. in [17]. In these papers, the authors 
show that if a system of second order differential equations (SODE) can be written 
as a variational problem, then the corresponding system of Jacobi equations can 
also be written as a variational problem. For the homogeneous case, Michor ^28j 
showed that one can lift a spray into a vector field whose integral curves project to 
the Jacobi fields of the given spray. This lifted vector field, which is not a spray, 
was also studied by Lewis in and called the tangent lift. For the afRne case, 
Lewis has also shown how to modify this lift to preserve sprays, [26] . 

The main goal of this paper is to generalize and unify the above lifts into a 
complete lift for semisprays. Therefore, we will start with a semispray S, whose 
geodesies are determined by a system of SODE, define its complete lift, S'^, and 
study its geodesies. In Theorem l4.4l we prove that the complete lift S'^ of a semispray 
S is again a semispray and the geodesies of S"^ are Jacobi fields of S. In other words, 
we show that the system of geodesic equations of a semispray and the corresponding 
system of Jacobi equations are related by the complete lift. In Section 4.3 we 



Date: September 8, 2008. 



1 



A COMPLETE LIFT FOR SEMISPRAYS 



2 



show how this complete Hft contains as special cases the complete lift for a semi- 
Riemannian metric [39j, an afHne connection [261 ISS], and a regular Lagrangian 
[13t [T7j [30] . In Theorem 14.41 we also prove that any Jacobi field on a compact 
interval can be obtained from a geodesic variation. This result is well known in the 
Riemann-Finsler context, [5l[TTl[35], where the proof is based on the exponential 
map. For the general case of a semispray, the exponential map cannot be defined, 
due to the lack of homogeneity. We prove the correspondence between Jacobi fields 
and geodesic variations of a semispray by using the geodesic flow of S'^, that is by 
studying integral curves of S'^ in the second order iterated tangent bundle TTM . 

The complete and vertical lifts for geometric objects from a manifold M to its 
tangent bundle TM are well known. However, to lift a semispray we need to lift 
objects from TM to the second iterated tangent bundle TTM . Since TTM has 
two vector bundle structures over TM, there are two ways to define such lifts. The 
lifting process in this paper has the important feature that it preserves important 
geometric objects; semi-Riemannian metrics, regular Lagrangians, homogeneous 
functions and vector fields, semispray s and sprays are all preserved. To avoid 
studying separately the vertical and complete lifts from M to TM, from TM to 
TTM, and so on, we introduce in Section 3 a unifying lifting process from T^M to 
T''+^M, for any r > 0. For r — Q, this reduces to the vertical and complete lifts for 
geometric objects from M to TM , as defined by Yano and Kobayashi |39j . 

For a spray, the geodesies, up to orientation preserving reparameterizations, 
uniquely determine the projective class of a spray but not the spray itself, [16, 18, 2T\ 
[36] . For example, in a subset of the plane, the EucHdean, Funk and Hilbert metrics 
all have straight fines as geodesies, but with possibly different parameterizations, 
|36j . The main result of Section 5 is Theorem l5.6l It shows that the projective class 
of S"^ uniquely determines S. That is, if sprays 5*1 and 5*2 have the same Jacobi 
fields, up to orientation preserving reparameterizations, then Si = 5*2. 

In the last section of the paper we use the complete lift to study symmetries and 
constants of motion of the system of Jacobi equations in terms of the symmetries 
and constants of motion of the geodesic equations of a given semispray. We prove 
that the vertical and complete lifts for a constant of motion (or symmetry) of 
a system of geodesies equations are constants of motion (or symmetries) for the 
corresponding system of Jacobi equations. This way, we generalize known results 
for Jacobi fields from Riemannian geometry, [iT]. In the Lagrangian context, it 
follows that the constant of motion considered by Nufiez-Yepez and Salas-Brito 
in [30] for the system of Jacobi equations is the complete lift of the Lagrangian 
function. Also, the symmetries considered by Arizmendi et al. in [3] for the system 
of Jacobi equations can be obtained by taking the complete lift of symmetries of 
Euler-Lagrange equations. In the Hamiltonian context, constants of motions for 
the variational equations of a given Hamiltonian system have been studied by Case 
in [10] and Giachetta et al. in [20| . 



2. Higher order iterated tangent bundle 

We start with a real, C°°-smooth, n-dimensional manifold M. By (TM, ttq, Af) 
we denote its first order tangent bundle. Every coordinate chart (C/, {x^)) on M 
induces a coordinate chart (7r(7^(C/), (a;*, y*)) on TM. For r > 1, we will denote 
by {T^M,7Tr-i,T^~^M) the rth order iterated tangent bundle. Let us also denote 
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r°M = M. For r e {2, 3}, the induced local coordinates on TTM and TTTM will 
be denoted by {x, y, X, Y) and (x, y, X, Y, u, v, U, V), respectively. 

For a manifold TV, we denote by C°°{N) the set of smooth real functions on 
N, and by X{N) the set of smooth vector fields on A^. Throughout the paper, all 
objects will be assumed to be smooth. 

For r > 1, the slashed tangent bundles T'"M \ {0} are open subsets in T'"M 
defined as follows. For r = 1, 

TM\{0} = {{x,y)€TM,yj^O}, 

and for r > 2, 

T-M \ {0} = e T^M, Dnrr-.M^Mi^) & TM \ {0}}. 

It follows that the slashed tangent bundles are preserved by the tangent map of the 
canonical submersions. That is, for r > 2, D-Kr-2 {T^'M \ {0}) = T'-'^M\{0}. For 
r = 2 we have explicitly 

TTM \ {0} = {(x, y, X, Y) G TTM, X ^ 0}, 

and Dtto {TTM \ {0}) = TM \ {0}. 

For r > 2, A: > 1, and a map c : (-e,e)^ T^'M, ...,*'=) ^ c {t^ , ...,t'') = 
(x* (i^, ...ji*^)), we define the derivative of c with respect to the variable P as the 
map dtjc : (-£,£)'= ^ T'^+^M defined by S^.c = {x\ dx"- / dt^) . When A; = 1 we also 
write d = dfC. 

For r > 0, a curve c : I ^ T^M is said to be a regular curve if c'(i) S T''"'"-'^M\{0} 
for all t in /, where / C ffi. is an open interval. For a regular curve c : I ^ T^M , 
we have that c' : / ^ T'^+^M (for r > 0) and -Kr-i oc: I ^ T'-^M (for r > 1) are 
also regular curves. 

For r > 2, the rth iterated tangent bundle possesses at least two different vector 
bundle structures over T'"~^M. One is given by the canonical projection TTr-i : 
T'^M — > T'^'^^M and another one is given by the projection Diir-2 '■ T^M — > 
T^~^M. The involution map Kr, interchanges these two vector bundle structures 
of T'-M. 

Definition 2.1. For r > 2, the involution map Kr, is the unique diffeomorphism 

Kr ■ T^M — > T^M that satisfies didsc{t,s) = Krdsdtc{t,s), for any map c : 

(— e,e)^ — > V^'^M. For r = 1, we define ki = idrM- 

It follows immediately that Kr is an involution, which means that k^ = idr^M- 
Moreover, Kr : (T''M, tt^-i, T'-^M) {T'' M,D-Kr-i,T''-'^M) is an isomorphism 
of vector bundles. Hence, the following diagram is commutative. 

T'-M ^ ^ rM 




Tr-iM 

In local coordinates, involution maps K2 : TTM — > TTM and K3 : TTTM 
TTTM are given by 

K2{x,y,X,Y) = {x,X,y,Y), 
K3{x,y,X,Y,u,v,U,V) = {x,y,u,v,X,Y,U,V). 
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For r > 2, we have the identities 

(1) TTrO DKr = KrOTTr, 

(2) DTTr-2 = TTr-lOKr, 

(3) DDTTr-2°Kr+l — KrODDTTr-2- 

Further properties of involution maps K2, k^, and so on, are presented in [7j. For a 
discussion about K2 and the two vector bundle structures of TTM see [6t [22^ [29]. 
The notion of a double vector bundle structure was introduced by Pradines in 
[33] . In [H], Konieczna and Urbahski have shown that the framework of double 
vector bundles is suitable for concepts such as vertical and complete lifts, Hnear 
connections, and Poisson and symplectic structures. 



3. Vertical and complete lifts 

The vertical and complete lifts for geometric objects from a base manifold to its 
tangent bundle has been introduced by Yano and Kobayashi in ^39] and studied by 
numerous geometers in various settings, see [U [3ll [32l [SU |38] . The lifts from M 
to T'^+^M, studied in this paper, are motivated by the following aspects. For r = 0, 
we recover the usual vertical and complete lifts, [39|. For r = 1, the complete lift 
coincides with the complete lift for a geodesic spray, introduced by Lewis [26j. For 
r > 1, the complete lift preserves important geometric objects: regular Lagrangians, 
homogeneous functions and vector fields, semisprays and sprays. 

3.1. Vertical and complete lifts for functions. 

Definition 3.1. Let / G C°°(T''M), for some r > 0. Then, the vertical lift of / is 
the function P G C'°°(r''+iM), defined by 

(4) r(o = (/°^r.o«,.+i)(e), veeT'^+^M, 

and the complete lift of / is the function /'^ G C°°(T'""''^M), defined by 

(5) r (0 = df (^r+i (0) , VeeT'-+iM. 

For r = 0, formulae (0]) and (HJ coincide with the usual vertical and complete 
lift of a function / e C°°(M), [39]. 

For r > 1, identity implies that the vertical lift of a function / e C°°{T''M) 
can be expressed as follows: f^ — f o Dwr-i. 

For r = 1, we have that for / G C°°{TM), the vertical and complete lifts 
/^,/^ £ C°°{TTM) have the following expressions in local coordinates: 

(6) r(x,2/,X,r) = f{x,X), 

(7) f^x,y,X,Y) = ^(x,X)y^ + ^ix,X)Y\ 

Remark 3.2. The vertical and complete lifts also generalize to functions defined on 
a slashed tangent bundle. If / € C°° (T^M \ {0}), for some r > 1, then equations 
(H and im define lifts f and one can prove that /^ /'^ £ C°° (T'^+^M \ {0}). 
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3.2. Complete lift for Lagrangians. We show now that the complete lift for 
functions preserves regular Lagrangians and contains as a special case the complete 
lift for semi-Riemannian metrics introduced by Yano and Kobayashi [39J . Consider 
L G C°° (TM) a regular Lagrangian, which means that the Hessian of L, 

(8) = 

with respect to the fibre coordinates y, has maximal rank n on TM, [U [21]. Ac- 
cording to equation ([7]) , the complete lift for a regular Lagrangian L is given by the 
following formula 

f)T Pit 

(9) L^{x,y,X,Y) = —{x,X)f + —{x,X)Y\ 

It follows that the Hessian of L'^ e C°°{TTM), with respect to the fibre coordinates 
X, Y is given by the following matrix 

[ ia^if 

which has rank 2r7,. Therefore, L'^ is a regular Lagrangian. From its local expres- 
sion |[9]) it follows that coincides with the first-order deformed Lagrangian L\ 
introduced and studied by Casciaro et al. in [12] and Casciaro and Francaviglia 
in [l3j. Also the complete lift L'' coincides with the Lagrangian 7 considered by 
Nunez- Yepez and Salas-Brito in [3Qj and Delgado et al. in [17j. 

Consider now the particular case, when the regular Lagrangian y) = gx(y^ y) 
is induced by a semi-Riemannian metric g. By formula ([9]) we have 

(11) {L,r y, X, Y) = ^v'x^x^ + '2g^A^)x'y' = aUy) iix, y), {x, y)) . 

For the last equality in formula ifTTj) we used the components of the complete lift 
g'^ of a semi-Riemannian metric g = {gij), defined by Yano and Kobayashi [S^ 

/ k 

(12) 5^= dxf^y 

\ 9tj 

Formula (fTTj) can be written as follows: 

(13) {Lgr = Lg., 

and expresses the compatibility between the complete lift {LgY , of the regular 
Lagrangian Lg and the complete lift g'^ of the semi-Riemannian metric g. 

3.3. Vertical and complete lifts for vector fields. 

Definition 3.3. For r > 0, the vertical lift of a vector field A e X{T'^M) is the 
vector field G X(T'~+iM), defined by 

(14) A''{i)^DKr+lods{nr+l{i)+sAoTTrOKr+l{0)\s=a, ^^T^'+Hl. 

Identity ([T]) shows that tt^+i o A^ = idj-r+i^vf , so A^ is a vector field. 

For r = 0, Definition 13.31 reduces to the usual definition of the vertical lift 

[HEiiiaa]. 

For r = 1 and a vector field A £ X(TM), with local expression 

(15) A = (., y, A\B^) = A^x, y) A + b\x, y) A, 
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its vertical lift A" G X{TTM) is given by 

(16) = (x, X, Y, 0, 0, (BT) - {A^ ^ + {B^ 

Definition 3.4. For r > 0, the complete lift of a vector field A G X(r'"M) is the 
vector field A" e X{T'-+Hl), defined by 

(17) A'^ = DKt+I O Kr+2 O DA O 

Identities ^ and |[2|) show that tt^+i o A'^ = idj-r+iM, so A"^ is a vector field. 
For r = 0, formula ifTTj) coincides with the usual complete lift for a vector field 
A e X(M), [39J. 

For r = 1, formula lfT7|) was also consider by Lewis in [26] to lift an affine spray 
from TM to TTM. For r = 1 and the vector field A e X{TM), locally given by 
formula (fT5l) . its complete lift A"^ e X(TTM) is given by 

A- = (x.y.x.rAATA'ir.iBTABr) 

Remark 3.5. The vertical and complete lifts also generalize to vector fields defined 
on a slashed tangent bundle. If ^ G X (T'^M \ {0}), for some r > 1, then equations 
(fT4| and mi define lifts A'' , A" and one can prove that A", e X (T'^+iAf \ {0}). 

The vertical and complete lifts defined in this section have similar properties as 
the corresponding lifts studied by Yano and Ishihara in [38J, for r — 0. For r > 0, 
/, g e C°^{T''M), and A, B e XiT'M) we have the following formulae: 

(19) [fgY^Fg^ ifgr^Fg^ + rg^ 

(20) B'^] = [A, BY, [A^ B^] ^ [A, BY', [AYB"] = 

(21) ifAy^rA^' + rAY {fAy = rA^ 

(22) {Afr = A'fY {AfY =A'r = A-r, A-r=o. 

The vertical and complete lifts introduced in this sections can be extended to 
one-forms and tensors on T^M, by requiring that the lifts are compatible with the 
tensor contraction. These lifts generalize the case r — 0, studied by Yano and 
Ishihara in [38j. 

3.4. Lifts for vector fields and their flows. For r > and a vector field A e 
X {T^M), consider its fiow (j) : &{A) T^M, where ^{A) is the maximal domain. 
Then 9{A) is an open set in T^'M x R, [J. For ^ e T^'M, let cj)^ : 1(0 ^ T^'M be 
the integral curve of A such that 0^(0) = f and domain /(^) C M is maximal. 

Theorem 3.6. For r > 0, consider a vector field A e X{T^M) and its complete 
lift A" eX [T'^+^M). Suppose that 

(j) : 2!{A) ^ T^'M, (j)" : ^{A") T'^+^M, 

are the flows of A and A'^ , respectively, with domains 

&{A) c T'^M X M, ^{A'=) c T'^+^M x M. 

Then, 

(23) {TTr O Kr+l X idffi) ^(A=) = &{A) 
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and 



(24) 



where D(j)t is the tangent map of the map ^ 4>tiO! /o*^ /ia;ed i. 

Proof. To prove inclusion "C" in l(23|) we start with an integral curve of and 
show that it projects into an integral curve of A. If (^o>*o) € ^{A'^), then <j)^^ : 
I{£,o) — * T'^^^M is an integral curve of vector A'^. Using formula l|17p . identity ((2| 
and the commutation rule tt^+i o — Ao nr we obtain 



It follows that TTr o Kr+i o is an integral curve of A defined on I{£,o). Therefore 
{iTr o Kr+i{^o),to) G ^{A) and inclusion "c" in follows. 

To prove inclusion "d" in l|23p and formula (|24| we start with an integral 
curve of A and show that it can be lifted into an integral curve of A'^. Let 
{TTrOKr+i{^o),to) G ^(A), for somc ^0 £ T^'+^M. Then (/)^„ok,+i(Co) : /(tt^ o 
Kr+i{Co)) T'"M is an integral curve of vector field A. For each i € I{TTrOKr+i{^o)), 
consider 

(25) 7(t) = Kr+i o D(/)t o Kr_i_i(^o)- 

We will prove now that 7 is well defined and smooth on /(tt,- oKr+i(Co)), 7(0) = Co, 
and that 7 is an integral curve of A'^. 

Since S>{A) is open in T'''M x M, for any (tt^ o Kr+i(Co)i i) G i^(^) there exists a 
neighborhood U C T^M ofiTrOKr+i{^o) and a neighborhood / C I{TrrOKr+i{£.)) C M 
of t such that U x I a i^(A). For vector Kr+i(Co) G 7irrOK^+i(5(,)C^, we can find a 
smooth curve v. {—£,£) U such that v{0) = tt,. oKr_|_i(CQ) and Kr+i(Co) = 9sw(0). 
It follows that 0(w(s),r) is well defined and smooth on the open neighborhood 
(— e,e) X / of {0} X {t}. Therefore, for all t in /(tt,. o k,._|_i(Co)) 

(26) 7(t) = Kr+l O ds(f>{v{s), T)|s=o,T=t, 

and hence curve 7 is well defined and smooth on /(tt^ o Kr+i(Co))- Setting t = in 
equation (|25)) . and using (/)o = idri-Af we have that 7(0) = ^o- By formula l|26p we 
have that 



In the above calculations we used that A o (f>^ = dr4>T and the definitions of Kr+2 
and 7. The last equality follows since DKr+i o drj = drKr+iij). 

We have shown that 7 is an integral curve of defined on KiTr o Kr+i{^o)), such 
that 7(0) — Co- Therefore, (Co,io) £ S'{A'^), which impHes that (tt^ o Kr+i(Co), ^o) G 
(TTr o Kr+i X idif) S>{A'^) and inclusion "d" in (|23|) is true. It also follows that for- 
mula ([21]) is true. □ 



D [iTr O Kr+l) O A"^ — A O (tTj. O Kr+l) ■ 



(A=o7)(i) 



DKr+l O O -DA O _D(/)t O Kr+l{^) 

DKr+1 O O 9^ (A O 4>{v{s), t)) |s=0, r=t 

DKr+l O Kr+2 O S^^r (/>(u(s) , t) | s=o,r=t 
DKr+l o9T-9s0(w(s),r)|s=o,T=t 
Dk^+i O dr {(pT O Kr+l(Co)) |r=t 
Dk^+i O 9^ {Kr+i O 7) (T)l^^t 

7'(t). 
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From formula ^ we have that ^(A^) = T-'+^M x R if and only if ^{A) ^ 
T^'M X R. That is, vector field A e X (T^'M) is complete if and only if A= e 
X (r'-+iAf ) is complete. 

4. Semisprays and their complete lift 

The geometry of a system of second order differential equations have been initi- 
ated in the first half of the last century through the work of Douglas [18], Cartan 
[9], Chern [14|, Kosambi [23|, and others. Such a system of SODE on M can be 
represented using a semispray, which is a special vector field on the phase space 
TM. For a semispray, its geodesies are defined as projections onto M of its integral 
curves in TM. In this section we prove that the complete lift for a semispray S on 
M is a semispray S'^ on TM, and show how geodesies of S'^ are related to Jacobi 
fields of S. 

4.1. Semisprays and their geodesies. 

Definition 4.1. For r > 1, a semispray S on T^~^M is a vector field S £ 
X [T-'M \ {0}) such that k^+i oS^S. 

From the definition, we see that a semispray on T^~^M is a section for both 
bundle structures over T^M. This can equivalently be written as follows: a vector 
field S £ X{T'''M\ {0}) is a semispray on T'^~^AI if and only if D-Kr-i o S = 
idyrAf\{o}- 

For r = 1, Definition 14.11 reduces to the usual definition of a semispray, [8]. In 
local coordinates {x,y), a semispray S on M has the form 

S = {x\y\y\-2G\x,y)) 

(27) = y'i^-^o^i^^y)^. 

for some functions G* defined on the domain of the considered induced chart on 
TM\{0}. 

In local coordinates {x, y, X,Y), a semispray S on TM has the form 

S = {x\y\X\Y\X\Y\-2G\x,y,X,Y),-2H\x,y,X,Y)) 

(28) = ^'^ + ^'^-2GX-,2/,^,>')^-2i/'(-,Z/,^,i^)^, 

for some functions G" , defined on the domain of the considered induced chart 
on TTM\{0}. 

Definition 4.2. For r > 1, a geodesic for a semispray S on T^~^M, is a regular 
curve c: I ^ T'^~^M such that c" = S{c'), and / C M is the maximal domain. 

From formula l(27|) we see that a regular curve c: I —> M, c(i) — (a;*(t)), is 
a geodesic for a semispray 5 on M if and only if it locally satisfies the following 
system of second order ordinary differential equations: 

Cpx'^ / dx 



We refer to equations ([291) as to the geodesic equations of the semispray S, given 
by formula l(27|. 
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4.2. Jacobi fields and geodesic variations. Let c : / M be a geodesic for a 
semispray S on M. A geodesic variation of c is a smooth map V : I x (— e, e) M, 
V = V{t, s) such that 

1) V{t,0) = c{t), for all t in I, 

2) V{t,s) is a geodesic for all s in {—s,s). 

The variation vector field J{t) — dsV{t, s)]^^^ = (^^^(Oi 2/*(0) satisfies the following 
system of second order ordinary differential equations: 



We refer to equations (|3Q|) as to the Jacobi equations or the variational equations of 
the system of geodesic equations (|29|) . Geodesic variations and the corresponding 
Jacobi equations l(30|) were considered by Kosambi in [23], Cartan in [9] and Chern 
in [H] for arbitrary systems of second order differential equations. 

Definition 4.3. A vector field J : I ^ TM, J{t) = {x'^{t),y\t)) , along a geodesic 
c = ttq o J of a semispray S on M, is called a Jacobi field if it satisfies the Jacobi 
equations l(30l) . 

Using the dynamical covariant derivative induced by S, one can express the 
geodesic equations l(29l) and the Jacobi equations (|30| in an invariant way, [51 [25]. 
We will see also, from Theorem 14.41 that the system of geodesic equations and the 
system of Jacobi equations for a semispray, together, form the geodesic equations 
of the complete lift of the semispray. Hence, the systems of equations (|29l) and l(30|) 
do not depend on a particular choice of local coordinates. 

For a geodesic c of a semispray S on M, its tangent vector c'{t) is a Jacobi field 
along c that is locally determined by geodesic variation V{t, s) = c{t + s). 

We define the complete lift, S'^, of a semispray S as the complete lift of S" as a 
vector field, and the geodesic flow of semispray S as the fiow of 5* as a vector field. 
The domain of the geodesic fiow of S is open in TM\{0} x M and the domain 

^{3") of the geodesic fiow of is open in TTM \ {0} x R. 

Theorem 4.4. Let S be a semispray on M . 

i) The complete lift 5° is a semispray on TM . 

ii) A curve J : I TM is a geodesic for the semispray S'^ if and only if J is 
a Jacobi field along c — ttq o J . 

iii) The domains of the geodesic flows of the two semisprays S and are 
related by the formula 



iv) For any restriction of a Jacobi field J to a compact interval K , there is a 
geodesic variation V : K x (— e,e) M of c = ttq o J such that Jit) = 
dsVit,s)\,=o, for allteK. 

Proof, i) According to Remark 13. 5[ formula (fT7|) can be used also to lift vector 
fields defined on slashed tangent bundles. Therefore, for r = 1, we have that the 
complete lift of S is defined as follows: 

(32) S" = Dk2 K30 DS o K2. 




(31) 



[Dtto X idK)i^(5") = ^{S). 
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If S is given in local coordinates by formula l(27l) . then using formula ifTSll. its 
complete lift is given by 

S" ^ {x\y\X\Y\X\Y\^2{G'y,-2{G''y) 

It follows that K3 o S*"^ = and hence S'^ is a semispray on TM. 

ii) A curve J : I TM, J{t) = {x'^{t), y^{t)) is a geodesic for S'^ if and only if 

By formulae ^ and ([7]) equations (|34|) and l(35l) are equivalent to geodesic equations 
((29l) and Jacobi equations l|30p . respectively and ii) follows. 

iii) Using similar arguments as we used in the proof of Theorem 13. 6^ it follows 
that the solution J of the Jacobi equations (|30l) with initial condition J'(0) = 
^ G TTM \ {0} and the solution c of the geodesic equations (|29|) with the initial 
condition c'(0) = D-kq{S) e TM \ {0} are defined over the same open interval 
/(^) = /(Z)7ro(^)) C M. Therefore we obtain that the domains of the flows for the 
two semisprays S and S'^ are related by the formula l(3T|) . 

iv) Consider J : K ^ TM a Jacobi fleld and let c : if — > Af , c = ttq o J be 
the underlying geodesic, where if C / is a compact interval and I is the maximal 
domain for J. Denote C = J'(0) € TTAi \ {0}. 

Let (j) be the geodesic flow of semispray S. If (f>]j^g(^^-^ : K TAi is the integral 
curve of S with 4>dttq(^){^) = Dtto^^) then ttq o 0D7ro(5) — c. Since J' is an integral 
curve of S'^ then, using a similar argument as we used in the proof of Theorem I3.6[ 
we have that 

J'{t)^ K2oD(j)tOK2i£.), ^teL 

Since &{S) is open in TAi \{0} x R and ^ e TTM\{{)] is flxed, for {D-KaiC), t) e 
&{S) there exists Ut C TM \ {0} an open neighborhood of Diroi^) and It C 
M an open interval that contains t such that Ut x It C Sl{S). For the vector 
K2(C) G To-ng{^)Ut, there exists a differentiable curve w : {—et,et) Ut such that 
w{0) = Dnoll) and K2(0 = '9^w(0). 

Since if is compact, from the open covering {it,t S if}, one can choose a 
flnite covering {Itj,j G {l,---,-^}} of it. Deflne e := min{£i^, j G {l,...,iV}} and 
U := njtiJ7tj. . It follows that 0(w(s),i) is well defined for all {t,s) e if x (-e,e). 
Consider the geodesic variation F : if x {—e, e) — > TAf \ {0}, given by 

(36) V{t,3)=Troo(j){w{s),t). 

We have that V{t, 0) = ttq o (p (£)7ro(0, t) = c(t). Moreover, since J{t) = tti o J'(t) 
is a geodesic of S'^, we have 

J[t) = TTl O K2 O D(j)t O dsW{s)\s=0 

= Dttq o D(j)t o dsw{s)\s=o 

= Dttq o ds(l){w{s),t)\s=o 

= 9s (tto o0(w(s),i)) |s=o 

= dsV{t,s)\s=o. 
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Hence, J{t) is the variation vector field of the geodesic variation V{t, s) given by 
formula □ 

4.3. Discussion of results. We discuss now the results of Theorem l4.4l in various 
contexts: Riemannian, Finslerian, affine, and Lagrangian. 

Last part of the Theorem 14.41 is usually proved in the Riemannian context, 
[m [35], and the proof is based on the exponential map. In the Finslerian con- 
text, the result is discussed in the book [5]. Since for a semispray we do not require 
any homogeneity condition, their geodesies do not inherit a homogeneity condition 
that will allow us to define the exponential map. Therefore the standard proof of 
Theorem 14.41 iv) in Riemann-Finsler context does not generalize directly to semis- 
prays. Instead, the above proof relies on the geodesic fiow of S"^, that is by studying 
integral curves of S'^ in the second order iterated tangent bundle TTM. 

Consider g a semi-Riemannian metric on M and denote by Sg the geodesic spray 
induced by g, which is a semispray on M. Consider g'^, the complete lift of g, given 
by formula lfT2l) . Let Sgo be the geodesic spray of the semi-Riemannian metric g'^, 
which is a semispray on TM. Then, it follows that 

(37) {Sgr = Sg^, 

and therefore the complete lift for a semispray discussed in Theorem l4. 41 contains as 
a special case, the complete lift for a semi-Riemannian metric introduced by Yano 
and Kobayashi in [39]. 

Consider an affine spray S'v, whose function coefficients are G*(x, y) = "<]}^{x)y^ , 
where 7]i,(a;) are the coefficients of an affine connection V on M. Consider V^, the 
complete lift of the affine connection V, defined by V^fcF^^ = {V xYT , [39]. Let 
S\/c be the affine spray induced by the affine connection V^. Then, it can be shown 
that 

(38) [S^f^Sv^, 

and therefore the complete lift for a semispray discussed in Theorem 14.41 contains 
as a special case, the complete lift for an affine connection introduced by Yano and 
Kobayashi in (3^. Moreover, {S^T coincides with Dk2 o S'y o k2 considered by 
Lewis in [26] . Lewis also has shown that the geodesies of the complete lift for an 
affine spray are Jacobi fields for the given spray. 

Consider a regular Lagrangian L on TM , and let Sl be the corresponding Euler- 
Lagrange vector field, which is a semispray on M. Consider the complete lift 
L'^, given by equation ([9]), which is a regular Lagrangian on TTM and Sl<' the 
corresponding Euler-Lagrange vector field, which is a semispray on TM. Then, it 
can be shown that 

(39) {SlY^Sl^, 

and therefore the complete lift for a semispray discussed in Theorem 14.41 contains 
as a special case, the complete lift for a Lagrange function discussed in Section 3.2. 
Formula (|39| shows that the Euler-Lagrange equations of L'^ consist of the Euler- 
Lagrange equations of the Lagrangian L and their Jacobi equations. This result 
agrees with the results obtained by Casciaro and FrancavigHa in [13], Delgado et 
al. in [17], and Nunez- Yepez and Salas-Brito in [30] . 
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5. Sprays and their complete lifts 

In this section we prove that the complete Uft studied in the previous sections pre- 
serves Liouville vector fields, homogeneous functions and vector fields and sprays. 
Two sprays are projectively related if they have the same geodesies up to orientation 
preserving reparameterizations. The main result of this section is Theorem 15.61 It 
shows that geometric properties for affine, semi-Riemannian or Finsler sprays can 
be determined from studying the corresponding projective properties of the com- 
plete lift. The projective geometry of sprays was initiated by Douglas in [18j. For 
a modern presentation of projective connection we refer to [1^, for projectively 
related sprays see Szilasi p7], and for the Finslerian case see Shen |36j . 

5.1. Sprays. The notion of spray, in the affine context, was introduced and studied 
by Ambrose et al. in [2j. A general spray, which does not reduce to an affine spray, 
has to be defined on the slashed tangent bundle, T^M \ {0}. 

The homogeneity of various objects on tangent bundles can be characterized, 
using Euler's theorem, in terms of the Liouville vector field. 

For r > 1, the Liouville vector field € X{T^M) is defined as follows: 

From its definition we can see that the Liouville vector field is a globally defined 
vector field. In local coordinates we obtain the following formulae for the Liouville 
vector fields Ci and C2. 

(40) Ci = (a;,y,0,y) -y'^, 

(41) C2 = {x, y, X, y, 0, 0, X, y) = x^— + y^— . 

Using the definition of the complete lift we find that the Liouville vector fields are 
preserved by the complete lifts, which means that 

(42) C^ = C,+i, r>l. 

Definition 5.1. For r > 1 and a non-negative integer s, we say that a function 
/: VM \ {0} ^ M is positively s-homogeneous if for all ^ e T'^M \ {0}, 

/(AO = AV(0, A>0. 

Throughout the paper, homogeneity refers to positive homogeneity only. For 
r > 1, Euler's theorem for homogeneous functions implies that a function / £ 
C°°(T'-M \ {0}) is s-homogeneous if and only if Crif) = sf. 

The homogeneity can be extended to other objects that five on T^M\{0}, see [H 
Section 1.5] for r — 1. For r > 1, a vector field A G X(T^M\{0}) is s-homogeneous 
if [Cr,^] = (s — 1)A. For example, the Liouville vector field is 1-homogeneous. 

Next proposition will show that the complete and vertical lifts preserve the ho- 
mogeneity for functions and vector fields. 

Proposition 5.2. Let r > 1. 

i) Lf function f G C°°{T'^M\ {0}) is s-homogeneous, then its vertical and 
complete lifts f'",f'^ G C°° {T^~^^ M \ {0}) are s-homogeneous functions. 

ii) // vector field A G X{T^M \ {0}) is s-homogeneous, then its vertical and 
complete lifts A" ,A^ G X(T''+^Af \ {0}) are s-homogeneous vector fields. 
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Proof. If / : T'^M \ {0} — > R is s-homogeneous, then equations gS]) and {221) 
imply that C,-+i(/^) — C^(/^) = {Cr{f)y — sf^ and is s-homogeneous. The 
other claims follow similarly. □ 

Definition 5.3. For r > 1, a semispray S on T'^~^M is a spray on T^~^M if it is 
2-homogeneous, which means that ^^,5"] = S. 

For r = 1, a spray S on M is given by formula l|27p . where the spray coefficients 
G^{x,y) are 2-homogeneous functions on TM \ {0}. In this case, Definition 15.31 is 
equivalent to the usual definition of a spray, studied in various contexts, [11 HI [HI 

lasiiHzi. 

If for a spray S on M, its domain is the whole TM, instead of TM \ {0}, 
then the homogeneity condition implies that the functions G^{x,y) are quadratic 
in y. It follows that there exist functions Yjki^) ^he base manifold M such 
that 2G'(x,t/) = Yjki^)y'' y'^ • Functions Jjk{x) are local coefficients of an affine 
connection V on the base manifold and the spray is said to be an affine spray, i2j. 

Now, we show that the complete lift preserves sprays. 

Proposition 5.4. If S is a spray on M , then its complete lift S'^ is a spray on 
TM. 

Proof. It follows by Theorem 14.41 i) and Proposition 15.21 ii) . □ 

Since vertical and complete lifts preserve homogeneity, it follows that for a spray 
S on M, with spray coefficients G", the spray coefficients (G") , (G') , of the 
complete lift S'^ are 2-homogeneous functions with respect to the fiber coordinates 
X*, y*. One can use the homogeneity conditions to show that tc'{t) is also a Jacobi 
field, and locally it is determined by the geodesic variation V2{t, s) = c{t + ts). 

Let us point out that the complete lift in Definition [331 is closely related to other 
lifts. In [26j, Lewis defined the tangent lift of an affine spray S' on M as the vector 
field S'^ = K30 DS. This definition also coincides with the canonical lift of a vector 
field considered by Fisher and Laquer in [T9j. In [28], Michor proved that if S is 
a spray, then integral curves of S'^ project onto Jacobi fields of S. Here, S'^ is a 
vector field, but it is not a spray. However, Lewis in [26], noticed that replacing 
S'^ with Dk2 o S'^ o k2 one obtains a spray, provided that S is an (affine) spray. 
This modified lift coincides with S'^ in Definition 13.41 Integral curves of vector field 
5"^ and spray S'^ are closely related. A curve 7: / ^ TTM is an integral curve of 
= K3 o DS ii and only if K2 o 7 is an integral curve of S"^. 

5.2. Projectively related sprays. 

Definition 5.5. For r > 1, two sprays Si and S2 on T^~^M are said to be projec- 
tively related if their geodesies coincide up to orientation preserving reparameteri- 
zations. 

For r = 1, Definition 15.51 reduces to the usual definition of projectively related 
sprays on M, |36[l37j. Projectively related sprays have the same geodesies as point 
sets. For symmetric sprays, the converse is also true, see |16) . 

For r > 1, two sprays 5*1 and S2 on T'^~^M are projectively related if and only 
if there exists a 1-homogeneous function P : T^'M \ {0} — > K such that 



(43) 



Si ^82 + 2PCr- 
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This characterization can be expressed in terms of the spray coefficients as follows: 
two sprays Si and 5*2 on T^~-^M, with spray coefficients G\ and G|, are projectively 
related if and only if 6*2 (x, y) = G\{x,y)-\-P{x,y)y^ . For r = 1 this characterization 
of projectively related sprays is discussed in [36] . 

Next theorem states that projective geometry of the complete lift of a spray 
uniquely determines the spray. 

Theorem 5.6. If Si and S2 are sprays on M then the following statements are 
equivalent: 

i) Si and S2 coincide, which means that Si and S2 have the same geodesies 
as parameterized curves; 

ii) Sf and S2 are projectively related, which means that Si and S2 have the 
same Jacobi fields up to orientation preserving reparameterizations. 

Proof. Consider that Sf and 5*2 are projectively related. These two sprays are 
vector fields on TTM \ {0} and their spray coefficients, according to formula (|33|) . 
are {G\) , {G\) and {G\) , (6*2) , respectively. According to formula (|43|) . it 
follows that there is a 1-homogeneous function Q : TTM \ {0} — > R such that 



Now, equation (|44l) implies that Q{x,y, X,Y) depends only on {x,X). Hence Q 
does not depend on variables y and Y and therefore P — QoCi € C°° {TM \ {0}) is 
a 1-homogeneous function such that Q — P^ . Now equation l(44|) implies G2{x, y) = 
G\{x,y) + P{x,y)y\ and equation igl]) implies that {Py^Y = P''Y\ Equation US]) 
and {y''Y = Y^ implies that P'^ = 0. Therefore P is locally constant on TM \ {0}, 
and by 1 -homogeneity P = 0. □ 

5.3. Discussion of results. We discuss now the results of Theorem 15.61 in two 
contexts: affine and Finslerian. 

In the book [38], Yano and Ishihara pointed out that the complete lift does not 
preserve the projective class of affine connections. If we apply Theorem 15.61 to the 
case of affine sprays, we obtain the following result. Two affine connections on a 
manifold M coincide if and only if they have the same Jacobi fields up to orientation 
preserving reparameterizations. 

Let Fi and F2 be two Finsler functions, which means that their Lagrangian 
functions Li = and L2 = are 2-homogeneous regular Lagrangians that are 
smooth only on TM \ {0}, [HI [36]. Let Si and 5*2 be the corresponding geodesic 
sprays of the two Finsler functions. According to Theorem l5.6} we have that = S2 
if and only if the two Finsler functions have the same Jacobi fields up to orientation 
preserving reparameterizations, which is equivalent to the fact that and are 
projectively related. 

6. Lie symmetries and constants of motion for Jacobi equations 

We have seen that the system of Jacobi equations l(30|) can be derived from the 
system of geodesic equations (|29|) using the complete lift. In this section we study 
how Lie symmetries and constant of motions for a system of SODE can be lifted 
to Lie symmetries and constant of motions for the corresponding system of Jacobi 
equations. 



(44) 
(45) 



(GlY {x,y,X,Y) 
{G'2Tix,y,X,Y) 



{G\y {x,y,X,Y) + Q{x,y,X,Y)X\ 
{G\yix,y,X,Y) + Qix,y,X,Y)Y\ 
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Definition 6.1. Consider a semispray S on for some r > 1. 

i) A function / G C°°{T^M) is a constant of motion for 5* if S{f) — 0. 

ii) A vector field A e X{T'^^^M) is a Lie symmetry for S if [S, A^] — 0. 

For r — 1, we refer to |15[ |24] for constants of motions and Lie symmetries for 
geodesic sprays and Euler-Lagrange vector fields and to [8j for constants of motions 
and Lie symmetries for semispray s. 

Proposition 6.2. Consider a semispray S on M . 

i) // / G C°°{TM) is a constant of motion for the semispray S, then its 
vertical and complete lifts /'^ £ C°°{TTM) are constants of motion for 
the semispray 5"^. 

ii) If A £ X{M) is a Lie symmetry for the semispray S , then its vertical and 
complete lifts A'",A'^ G XlTM) are Lie symmetries for the semispray S'^ . 

iii) Let be the flow of a Lie symmetry A G X(M). Then its complete lift ■0'^ 
preserves the Jacobi fields of S. 

Proof. Using properties (|22|) . for r — 1, we have that S'^{f'^) — {S{f))'^ and 
S^f) = iS{f)y. Hence, if S{f) = then S^f) = and S^f") = 0. Simi- 
larly, using properties (|2Ql) . for r = 1, we have that [S,A] — impHes [S"^,v4^] — 
and [S'^^''] = 0. 

For the last part, consider a Lie symmetry A G X(M) of a semispray S on M, 
which means that [S, A"^] = 0. Let 4>t the geodesic fiow and ips the fiow of the vector 
field A. Then A is a Lie symmetry if and only if (ptotps = ^s°4>t, which means that 
the fiow of A preserves the solution curves of the system of geodesic equations (|29l) . 
[24j . Using either Proposition 16.21 ii) or Theorem 13.61 it follows that the complete 
lift 0'^, which is the fiow of preserves the Jacobi fields of the given system of 
SODE. □ 

Although the proof of Proposition 16.21 is very simple, it generahzes results in 
various contexts: Lagrangian, Finslerian or semi-Riemannian. 

Proposition 16.21 provides constants of motion and Lie symmetries for the system 
of Jacobi equations l(30|) when we know such constants of motions and Lie symme- 
tries for the system of geodesic equations (|29l) . This aspect has been studied by 
Case in [lO] and by Giachetta et al. in pO] for Hamiltonian systems. 

Consider S the Euler-Lagrange vector field of a regular Lagrangian L : TM R, 
which is a semispray on M . Then, the energy function El — Ci{L) — L is a constant 
of motion for the semispray S. From Proposition 16.21 i) it follows that 

(46) (ELy^EL^ and {ElT 

are constants of motion for the system of Jacobi equations l(30|) . In equation (|46l) , 
El' ~ C2{L'^) — L'^ is the energy of the lifted Lagrangian L'^ introduced in Section 
3.2. This aspect has been studied by Arizmendi et al. in [3J and by Nufiez-Yepez 
and Salas-Brito in |30j . 

For the case of a Finsler space, the homogeneity of the Finsler function F implies 
that its energy is Ep2 — F^. Therefore, 

dF^ f dx\ , dF^ f dx\ dy' ^ . / dx\ 

(47) -rr— {x,-r]y + -IT- -r -r- and x, — 

^ ^ dx' \ dt J ^ dy' \ dt J dt \ dt J 

are constants along the Jacobi field J{t) — (a;*(t), j/*(i)) of the Finsler space. 
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The fact that expressions l(46|) and l(47|) are constants along the Jacobi fields 
generaHzes known results from Riemannian geometry, see [HI ^E\. For a semi- 
Riemannian metric g consider the Lagrangian L{x,y) = gij{x)y^y^ . Accordingly, 
from expressions l(47|) we obtain that 

(48) s[^y'-^) and L |) 

are constants along the Jacobi field J{t) — {x'- (t) , (t)) of the semi- Riemannian 
metric g. In expression (|48|) . Vy denotes the covariant derivative of y with respect 
to the Levi-Civita connection of the semi-Riemannian metric g. 
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